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Monte Carlo with perfect samples

Target probability distribution .

Test function h, with expectation with respect to 7:

x(h) = / h(z)(d).
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x(h) = / h(z)(d).

If we can sample X1,..., Xy ~ 7w independently, then the
Monte Carlo estimator

is unbiased: E[#x(h)] = 7(h).
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Monte Carlo with perfect samples

Target probability distribution .

Test function h, with expectation with respect to 7:

x(h) = / h(z)(d).

If we can sample X1,..., Xy ~ 7w independently, then the
Monte Carlo estimator

is unbiased: E[#x(h)] = 7(h).
If 7(h?) < oo, An(h) — m(h) at the Monte Carlo rate, CLT, etc.
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Markov chain Monte Carlo

MCMC: X ~ mp, then Xt’Xt—l ~ P(Xt_l, ) fort > 1.

Standard MCMC estimator of 7(h): ¢t~ 3124 h(X,).
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Markov chain Monte Carlo

MCMC: X ~ mp, then Xt’Xt—l ~ P(Xt_l, ) fort > 1.
Standard MCMC estimator of 7(h): ¢t~ 3124 h(X,).

m Pl(z,-) = [ P71 (z,da')P(2',): distribution of X;| X, = .
m m = moP' = [ 7(dz)P'(z,-): marginal distribution of X;.

Since m; # m, for any fixed ¢, MCMC is biased:

t—1
E[t Y h(X,)] # m(h).
s=0
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Markov chain Monte Carlo

MCMC: X ~ mp, then Xt’Xt—l ~ P(Xt_l, ) fort > 1.
Standard MCMC estimator of 7(h): ¢t~ 3124 h(X,).

m Pl(z,-) = [ P71 (z,da')P(2',): distribution of X;| X, = .
m T = 7r0Pt [ mo(dx) Pt(z,-): marginal distribution of X;.

Since m; # m, for any fixed ¢, MCMC is biased:

t—1
E[t Y h(X,)] # m(h).
s=0

Still, under conditions, convergence at the Monte Carlo rate.
The bias is asymptotically negligible in the MSE.
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Markov chain Monte Carlo

MCMC: X ~ mp, then Xt’Xt—l ~ P(Xt_l, ) fort > 1.
Standard MCMC estimator of 7(h): ¢t~ 3124 h(X,).

m Pl(z,-) = [ P71 (z,da')P(2',): distribution of X;| X, = .
m T = 7r0Pt [ mo(dx) Pt(z,-): marginal distribution of X;.

Since m; # m, for any fixed ¢, MCMC is biased:

t—1
E[t Y h(X,)] # m(h).
s=0

Still, under conditions, convergence at the Monte Carlo rate.
The bias is asymptotically negligible in the MSE.
So, who cares about the bias?
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If it was not for the bias...

Rosenthal, 2000.

Suppose that the chain is exactly stationary after k steps.
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If it was not for the bias...

Rosenthal, 2000.
Suppose that the chain is exactly stationary after k steps.

You could run R chains for ¢ > k steps, average h over the last
¢ — k states of each chain, then average over the R chains.
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If it was not for the bias...

Rosenthal, 2000.
Suppose that the chain is exactly stationary after k steps.

You could run R chains for ¢ > k steps, average h over the last
¢ — k states of each chain, then average over the R chains.

Parallel computation over the R chains.

Average estimator converges at Monte Carlo rate.

Confidence intervals are easily obtained.

Loss of efficiency relative to long-run MCMC controlled by £.
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Self-normalised importance sampling

Quantity of interest: m(h) = [ h(x)n(dx) for some test function
h. Global approximation ¢ ~ 7, such that 7 < q.

Sample Xyq,..., Xn nd q.
Compute w(X,,) = 7(Xy)/q(X,,) for all n.
Compute SNIS estimator

27]:7:1 w(Xn)h(Xn)

H=
nN:1 w(Xn)

Easy to parallelize, confidence intervals from CLT 4+ A-method.
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Asymptotic bias of SNIS

Deligiannidis, Jacob, Khribch, Wang (2026),
and Daudel & Roueff (2026):

Assuming g(|(h — w(h)) - w?|1T€) < 00, and q(w™") < o for
some 71 > 0, we have

lim N xE[f —n(h)] = - / (h(z) — 7(h)) w2 (x)q(dx).

N—o0
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Asymptotic bias of SNIS

Deligiannidis, Jacob, Khribch, Wang (2026),
and Daudel & Roueff (2026):

Assuming g(|(h — w(h)) - w?|1T€) < 00, and q(w™") < o for
some 71 > 0, we have

lim N xE[f —n(h)] = - / (h(z) — 7(h)) w2 (x)q(dx).

N—o0

Bias of SNIS ~ N—1. But who cares about the bias?
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Nested expectation

Problem formalized in Andradéttir & Glynn (2002/2016),
Computing Bayesian Means Using Stmulation:

QOI [ (Xl)] where H(:cl) = ]E2|1[h(X17X2)‘X1 = 5171],

for a test function h. How do we numerically approximate Qol?
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Nested expectation

Problem formalized in Andradéttir & Glynn (2002/2016),
Computing Bayesian Means Using Stmulation:

QOI [ (Xl)] where H(:cl) = ]Egu[h(Xl,Xg)‘Xl = l’l],

for a test function h. How do we numerically approximate Qol?

Cutting feedback in Bayesian modular inference naturally leads
to the nested expectation problem.

Example: X;: missing data, Xo: parameters.
Or: X;p: weather forecast, Xo: biological parameters.

Pierre E. Jacob Unbiased estimators and couplings 8/41



Nested approximations

Assume:

m we can generate X1, M times for a cost M,
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Nested approximations

Assume:
m we can generate X1, M times for a cost M,
m we can generate estimator H(z1) for any z;, with
m cost: N for each x1,

A

m bias: E[H (z1)] = H(21) + B(21)/N7,
w variance: V[H (z1)] = o%(z1)/N.
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Nested approximations

Assume:
m we can generate X1, M times for a cost M,
m we can generate estimator H(z1) for any z;, with
m cost: N for each x1,

A

m bias: E[H (z1)] = H(21) + B(21)/N7,
w variance: V[H (z1)] = o%(z1)/N.

Estimator of Qol: M1 "M A(X7), with cost ~ M x N =: C.
What is the rate of convergence as C = M x N — oco?

Optimal allocation leads to MSE of order C'—27/(27+1),
Unbiased estimator for H would result in MSE ~ C—1.
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Couplings of MCMC algorithms
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Example: Metropolis—Rosenbluth—Teller—-Hastings

With Markov chain at state X,
propose X~ Q(Xta ')7
sample U ~ Uniform(0, 1),

if
m(X*)q(X*, X+)

T‘-(Xt)Q(Xta X*) ’

set X1 = X7, otherwise set Xyy11 = X4.

U<

Hastings, 1970.
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Example: traceplot
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Goal: successful couplings

Consider the problem of generating two chains (X;) and (Y;),
such that

m marginally, each chain starts from my and evolves according to P,

m jointly, there exists 7 < oo such that X; =Y; for all ¢t > 7.

(Y2)
meeting

(X¢) /
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Goal: successful couplings

Consider the problem of generating two chains (X;) and (Y;),
such that

m marginally, each chain starts from my and evolves according to P,

m jointly, there exists 7 < oo such that X; =Y; for all ¢t > 7.

(Y2)
meeting

(X¢) /

How are we going to achieve this?
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Couplings of MCMC algorithms
m Coupling of two random variables
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Couplings of random variables

A coupling of two random variables X ~ p and Y ~ ¢ refers to
a joint distribution for (X,Y’) with marginals p and q.

For continuous variables, the independent coupling p ® ¢ is such
that P(X =Y) =0.

Other couplings exist with a non-zero P(X =Y).
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Couplings of random variables

Rejection sampling from ¢ to p. Let M > sup, p(z)/q(z).

Draw X* ~ gq.
Draw U ~ Uniform(0, 1).
IfU <p(X*)/(Mq(X*)), then set Y = X*. Otherwise repeat.
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Couplings of random variables

Rejection sampling from ¢ to p. Let M > sup, p(z)/q(z).

Draw X* ~ gq.
Draw U ~ Uniform(0, 1).
IfU <p(X*)/(Mq(X*)), then set Y = X*. Otherwise repeat.

Let X be the first proposal, and Y the outcome.

Then X ~q,Y ~p,and P(X =Y)=1/M > 0.
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Couplings of random variables

For two distributions p and g,

Ip —qlrv = sup |p(h) —q(h)]
h: |h|<1

=1- sup P(X =Y).
(X,Y)€couplings(p,q)

TV distance is zero iff p = ¢, and one iff supports are disjoint.

The supremum is attained by maximal couplings (not unique).
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Reflection-maximal coupling

For two Normals with different means, same variance.

et

Rt
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X

Bubley, Dyer, Jerrum 1998, Eberle, Guillin & Zimmer, 2019.
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Reflection-maximal coupling

A coupling of Normal(u;, ) and Normal(pus, X).
Let v =X"2(u1 — po) and e = v/|v].
Sample Z; ~ Normal(04, I;), and W ~ Uniform(0, 1).

W <o(Zy+v)/o(Z1), set Zo = Z1 +v.
Otherwise set Z = (I — 2ee’)Z;.

Set X7 = 21/221 + p1, Xo = 21/222 + o, return (Xl,XQ)
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Reflection-maximal coupling

A coupling of Normal(u;, ) and Normal(pus, X).
Let v =X"2(u1 — po) and e = v/|v].
Sample Z; ~ Normal(04, I;), and W ~ Uniform(0, 1).

W <o(Zy+v)/o(Z1), set Zo = Z1 +v.
Otherwise set Z = (I — 2ee’)Z;.

Set X7 = 21/221 + p1, Xo = 21/222 + o, return (Xl,XQ).

Then: X; ~ Normal(u1,3), X9 ~ Normal(ue, X),
and P(X; = X3) is maximal.
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Couplings of MCMC algorithms

m Coupling of two Markov chains
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Metropolis—Rosenbluth—Teller-Hastings

At each iteration ¢, Markov chain at state X,
propose X* ~ q(Xy,-),
sample U ~ Uniform(0, 1),

if
m(X*)q(X*, X+)

m(Xe)q( Xy, X*)’
set X141 = X*, otherwise set Xy41 = X;.

U<

How to propagate two chains from states X; and Y;
such that the event {X;11 = Y;41} can happen?

Pierre E. Jacob Unbiased estimators and couplings
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Metropolis—Rosenbluth—Teller-Hastings

At each iteration t, two Markov chains at states X, Y,
propose (X*,Y*) from max coupling of ¢(Xy, ), q(Yz,),
sample U ~ Uniform(0, 1),

if
W(X*)Q(X*, Xt)

W(Xt)Q(Xta X*) ’
set X141 = X*, otherwise set X;11 = Xy,
if

U<

(Y)Y, Yy)
Vs Wiy

set Y311 = Y™, otherwise set Y;11 = Y;.
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Proposal distributions of two MRTH chains
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Meeting times of random walk MRTH
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In line with Andrieu, Lee, Power & Wang (2024) on convergence
of random walk MRTH. See also Papp & Sherlock, 2025.
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Outline

Unbiased estimators and convergence diagnostics
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Outline

Unbiased estimators and convergence diagnostics
m Unbiased estimation
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Unbiased estimators

Breakthrough: Glynn & Rhee, 2014.

Idea: ergodic averages converge slowly (e.g. t=1/2),
but marginal distributions tend to converge quickly (often pt).

Application to MCMC:

Agapiou, Roberts & Vollmer, 2018.
Jacob, O’Leary & Atchadé, 2020,
Douc, Jacob, Lee & Vats (2026).
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Coupled chains with a lag

Sample (X, Yp) from 7,

sample X;|X;_1 with transition P, for t =1,...,L,

for t > L, sample (X;,Y;_1)|(X¢_1,Yi_r_1) with transition P.
7o and P must be such that

m X; and Y; have the same marginal distribution for all ¢ > 0,

m 7 finite meeting time 7 such that X; =Y,  for t > 7.
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Coupled chains with a lag
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Coupled chains with a lag
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Unbiased estimators via telescopic sums

Limit as a telescopic sum, for all k£ > 0,

w(h) = tli>nolo mi(h)

= mp(h) + Y Thajn(h) = Ty oy (h)-
j=1
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Unbiased estimators via telescopic sums

Limit as a telescopic sum, for all £ > 0,

w(h) = tli>nolo mi(h)
= mr(h) + > Thajr(h) — mep -1y (h).
j=1
Since for all t > 0, X; and Y; have the same distribution m,

= E[h(X0)] + D Er(Xerjr) — h(Ver v
j=1
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Unbiased estimators via telescopic sums

Limit as a telescopic sum, for all £ > 0,

w(h) = tli>nolo mi(h)
h) + > mijin(h) — Ty (h).
Since for all t > 0, X; and Y; have the same distribution m,

= E[h(X0)] + D Er(Xerjr) — h(Ver v
j=1

If we can swap expectation and limit,

+ > (M X)) = MYt —1)z))]-
7j=1
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A first unbiased signed measure

A signed measure constructed as
o0
T =0x, + Z(éXkﬂ'L - 5Yk+(]‘—1)L>
Jj=1

is unbiased, in the sense that E[7(h)] = 7(h).
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A first unbiased signed measure

A signed measure constructed as
o0
T =0x, + Z(éXkﬂ'L - 5Yk+(]‘—1)L>
Jj=1

is unbiased, in the sense that E[#(h)] = w(h).

You can generate @ R times independently, and average.
m Parallelizable.

Monte Carlo rate.

Confidence intervals are easily obtained.
But not efficient relative to long-run MCMC.

Jacob, O’Leary & Atchadé, 2020.
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Unbiased MCMC: a more efficient approximation

Jacob, O'Leary & Atchadé, 2020. Vanetti & Doucet, 2020.
Douc, Jacob, Lee & Vats, 2026.

Run the coupled chains with lag L, for max(r, ¢) iterations,
where ¢ > k. Unbiased signed measure:

l T—1
1 Ut
T=—— E 6Xt+ E 7(5Xt—5y_L)
gikﬁth:k t:k+L€7k+1 t

with

v =|(t —k)/L] — [max(L,t — €)/L] +1.
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Asymptotic variance of unbiased MCMC

Assumptions:
m For some k > 1, Ezgr[7"] < oo,
m h € L™(r) for some m > 2k/(k — 1).

Then for any k, L € N,
VU —k+1(7w(h) —m(h)) £—> Normal(0, v(P, h)),
—00

where v(P, h) is the same asymptotic variance as in

V(! Zh h)) —> Normal(0, v(P, h)).

Douc, Jacob, Lee & Vats, 2026.
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Inefficiency of unbiased MCMC
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Outline

Unbiased estimators and convergence diagnostics

m Convergence diagnostics
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Bounds on distance to stationarity

With the same coupled lagged chains as before, we can write:

o0

me = 7lrv <Y Imein — ma-nzlty
j=1

Pierre E. Jacob Unbiased estimators and couplings 31/41



Bounds on distance to stationarity

With the same coupled lagged chains as before, we can write:

oo
e —wlov <D Imajin — s -1yLloy
j=1

< ZIP)(XtJer # Y (-nL)
j=1
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Bounds on distance to stationarity

With the same coupled lagged chains as before, we can write:

oo

| — oy <Y 1Teasn — Mg (jo1yLlTy
j=1
o

< ZIP)(XtJer # Y (-nL)

<.
Il
—_

E[1(r > t+ jL)].

M

<.
Il
-
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Bounds on distance to stationarity

With the same coupled lagged chains as before, we can write:

oo

| — oy <Y 1Teasn — Mg (jo1yLlTy
j=1
o

< ZIP)(XtJer # Y (-nL)

<.
Il
—_

E[1(r > t+ jL)].

M

<.
Il
-

Swapping infinite sum and expectation,

| = 7lrv <E = E[max(0, [(r = L = t)/L])].

o0
> 1(r>t+4L)
j=1

Biswas, Jacob & Vanetti, 2019.
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Example
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density
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Example

£ 1.000
@
c
2
g 0100
(%2}
L
= 0,010
o)
c
8
% 0.00L
©
>
=

0 20 40 60
iteration

Application to phylogenetics in Ryder, Kelly & Clarté, 2023.
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Outline

Bias removal for importance sampling
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Self-normalised importance sampling

Sample X1,..., Xy ind q.

Compute w(X,) = m(X,)/q(X,) for all n.
Compute SNIS estimator

i1 — Znm1 W(Xn)h(Xn)
S w(Xn)

Bias of order N~1.

Pierre E. Jacob Unbiased estimators and couplings
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Particle independent MRTH

Andrieu, Doucet & Holenstein 2010: define

1 N N R
T(x1,...,oN) = (N Zw(xk)> I atan) = Zn(X)a(X),

and implement MRTH with proposal ¢ and target 7.
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Particle independent MRTH

Andrieu, Doucet & Holenstein 2010: define

1 N N R
T(x1,...,oN) = (N Zw(xk)> I atan) = Zn(X)a(X),

and implement MRTH with proposal ¢ and target 7.

Draw X* ~ q.
Compute the acceptance probability:

a(X,X*) = min{l ZN(X*)}
’ " Zn(X)

Accept X* or not with probability (X, X*).
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Common draws coupling of PIMRTH

Liu, 1996. Roberts & Rosenthal, 2011.
Two chains in states X and Y.

Draw U from a Uniform(0, 1) distribution.

If U < Zn(X*)/Zn(X), set X' = X*, otherwise set X' = X.
If U < Zn(X*)/Zn(Y), set Y = X*, otherwise set Y/ =Y.
Return (X', Y")
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Common draws coupling of PIMRTH

Liu, 1996. Roberts & Rosenthal, 2011.
Two chains in states X and Y.

Draw U from a Uniform(0, 1) distribution.

If U < Zn(X*)/Zn(X), set X' = X*, otherwise set X' = X.
If U < Zn(X*)/Zn(Y), set Y = X*, otherwise set Y/ =Y.
Return (X', Y")

We show that this coupling is maximal, i.e. leads to the smallest
meeting times possible.

Unbiased MCMC with that coupling + a few tricks
= Coupling-based Unbiased Importance Sampling.

Deligiannidis, Jacob, Khribch & Wang, 2026.
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Coupling-UIS

Algorithm 6 Coupling-based unbiased importance sampling (Coupling-UIS).

1. Sample X"V = (X1,...,Xy) ~qand YN = (¥1,...,Yy) ~ g independently.
2. If ZN(XN) < ZN(YN), swap X" and YV, so that ZN(XN) > ZN(YN) henceforth.
3. Set 7 < 1. Initialize

- 1. 1.
By SN+ S (e ™).
4. Draw U ~ Uniform(0, 1). Update estimate, with I:’II\{[B as in (44):
. - 1/ .
By P+ 5 (FJP\‘,B(XN,YN) —Ey(y™)).

IfU < ZN(YN)/ZN(XN), go to step 5.
5. Tterate until both conditions in (e) and (f) are satisfied:
a) T+ 71+1.
b) Sample XV = (XF,...,X%) ~q.
o) F¥« FY 4 L(ERB(xXN,xN*) - FRB(yN xV)),
d) Draw U ~ Uniform(0,1).
e) U < ZnXNV*) 2 (XN, set XV XV,
0 XU < ZnyXVN*)/Zn(YN), set YV XN+,
6. Setcost < N(7+1).
7. Return Fjy.
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SNIS versus Coupling-UIS

Coupling-UIS: proposed bias-removed SNIS.
Inefficiency: Mean squared error x expected cost.

0.6-

Coupling-UIS
0.4

Inefficiency

10 30 100 300
Average cost

= Coupling-UIS is less efficient for fixed IV, but not as N — oo.
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SNIS versus Coupling-UIS within nested expectation

S 3e-05
@
o
o
@ 1le-05
=
7] Coupling-UIS
c
3
3e-06
S 3e
1le-06 N
le+04 3e+04 1e+05 3e+05

Average cost

= Unbiased estimators lead to faster convergence rates.
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Thank you for your attention!
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