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Measurement uncertainty in COVID-19 modelling
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Bayesian hierarchical approach

Advantages of a Bayesian hierarchical approach

Flexible framework to describe complex phenomena through the
combination of submodels

Account for all sources of uncertainty:
Underreporting and reporting delay in the number of cases
Parameter uncertainty

Integrate all available information
Use data on the reported number of cases, the number of deaths and
the number of hospitalizations in the estimation of new infections
Borrow information by integrating data from other countries
Information from previous studies
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Bayesian hierarchical approach

Flaxman et al. (2020)

The number of infections ct,m on day t in country m is given by
ct,m = Rt,m

∑t−1
τ=0 cτ,mgt−τ where gt is a discretized version of the

serial interval distribution g ∼ Gamma(6.5, 0.62) and
Rt,m = R0,m exp

(
−
∑6

k=1 αk , Ik,t,m

)

Deterministic link between the expected number of deaths
dt,m = E (Dt,m) and the number of infections
ct−1,m, ct−2,m, ct−3,m, . . . occurring in previous days:

dt,m =
t−1∑
τ=0

cτ,mπt−τ,m

Daily deaths Dt,m for days t ∈ 1, . . . , n and countries m ∈ 1, . . . , p

Dt,m ∼ NegativeBinomial

(
dt,m, dt,m +

d2
t,m

ψ

)

R. Rehms, N. Ellenbach, S. Hoffmann 8 / 33



Bayesian hierarchical approach

Flaxman et al. (2020): DAG

ct,m

Rt,m

𝛼k R0,m

Int,m,k

𝜅

g

R. Rehms, N. Ellenbach, S. Hoffmann 9 / 33



Bayesian hierarchical approach

Flaxman et al. (2020)

The number of infections ct,m on day t in country m is given by
ct,m = Rt,m

∑t−1
τ=0 cτ,mgt−τ where gt is a discretized version of the

serial interval distribution g ∼ Gamma(6.5, 0.62) and
Rt,m = R0,m exp

(
−
∑6

k=1 αk , Ik,t,m

)
Deterministic link between the expected number of deaths
dt,m = E (Dt,m) and the number of infections
ct−1,m, ct−2,m, ct−3,m, . . . occurring in previous days:

dt,m =
t−1∑
τ=0

cτ,mπt−τ,m

Daily deaths Dt,m for days t ∈ 1, . . . , n and countries m ∈ 1, . . . , p

Dt,m ∼ NegativeBinomial

(
dt,m, dt,m +

d2
t,m

ψ

)

R. Rehms, N. Ellenbach, S. Hoffmann 9 / 33



Bayesian hierarchical approach

Flaxman et al. (2020): DAG

dt,m

ct,m𝝅t,m

Rt,m

𝛼k R0,m

Int,m,k

𝜅

g

R. Rehms, N. Ellenbach, S. Hoffmann 10 / 33



Bayesian hierarchical approach

Flaxman et al. (2020)

The number of infections ct,m on day t in country m is given by
ct,m = Rt,m

∑t−1
τ=0 cτ,mgt−τ where gt is a discretized version of the

serial interval distribution g ∼ Gamma(6.5, 0.62) and
Rt,m = R0,m exp

(
−
∑6

k=1 αk , Ik,t,m

)
Deterministic link between the expected number of deaths
dt,m = E (Dt,m) and the number of infections
ct−1,m, ct−2,m, ct−3,m, . . . occurring in previous days:

dt,m =
t−1∑
τ=0

cτ,mπt−τ,m

Daily deaths Dt,m for days t ∈ 1, . . . , n and countries m ∈ 1, . . . , p

Dt,m ∼ NegativeBinomial

(
dt,m, dt,m +

d2
t,m

ψ

)

R. Rehms, N. Ellenbach, S. Hoffmann 10 / 33



Bayesian hierarchical approach

Flaxman et al. (2020): DAG

dt,m

ct,m𝝅t,m

Dt,m

Rt,m

𝛼k R0,m

Int,m,k

𝜅

g

𝜓

R. Rehms, N. Ellenbach, S. Hoffmann 11 / 33



Bayesian hierarchical approach

Flaxman et al. (2020): DAG

dt,m

ct,m𝝅t,m

Dt,m

Rt,m

𝛼k R0,m

Int,m,k

𝜅

c1,m, .., c6,m

𝜏m

g

𝜓

R. Rehms, N. Ellenbach, S. Hoffmann 12 / 33



Bayesian hierarchical approach

Possible improvements

The number of new infections ct,m on day t in country m is modeled
as a continuous variable

The approach is not suitable as a monitoring tool
⇒ Include information on the number of reported cases CR

t,m while
accounting for underreporting and reporting delay
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Bayesian hierarchical approach

A hierarchical model of COVID-19 propagation

The renewal model:

It,m ∼ NegativeBinomial (τm, φi ) for t ≤ 6

It,m ∼ NegativeBinomial

(
Rt,m

∑
u<t

Iu,m(Fγ(t − u + 1)− Fγ(t − u)), φi

)
else

with Rt,m = R0,m exp
(
−
∑K

k=1 αk Ik,t,m

)

The death model:
Dt,m ∼
NegativeBinomial

(
πd
∑

u<t Cu,m(FξD (t − u + 1)− FξD (t − u)), φd
)

The reporting model:
CR
t,m ∼

NegativeBinomial
(
ρt,mπnc

∑
u<t Cu,m(FξR (t − u + 1)− FξR (t − u)), φc

)
The hospitalization model:
Ht,m ∼
NegativeBinomial

(
πh
∑

u<t Cu,m(FξH (t − u + 1)− FξH (t − u)), φh
)
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Reporting delay
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Nowcasting
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Bayesian hierarchical approach

Prior assumptions

α ∼ N (0, 0.2)
R0 ∼ N (2.4, 4)
ρ ∼ Beta(1, 1)
πh ∼ Beta(1, 1)
τ ∼ Gamma(20/5, 5)
σR ∼ IGamma(0.1, 0.1)

φi =
(

1
ξi

)2
where ξi ∼ N (0, 0.1)

φd =
(

1
ξd

)2
where ξd ∼ N (0, 0.1)

φc =
(

1
ξc

)2
where ξc ∼ N (0, 0.1)

φh =
(

1
ξh

)2
where ξh ∼ N (0, 0.1)
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Bayesian hierarchical approach

Adaptive Metropolis-within-Gibbs algorithm
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Simulation study

Results on simulated data
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Simulation study

Internal validation

Generate data according to the model with known parameter values
Apply the algorithm to the simulated data sets to assess bias and
coverage rates
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Simulation study

Internal validation: Coverage rates
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Simulation study

Internal validation: Posterior predictive checks
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Estimated effectiveness of interventions
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Results for Bavaria

Estimated underreporting
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Posterior predictive checks
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Assessing out of sample performance
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Results for Bavaria

Assessing out of sample performance for hospitalizations
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Results for Bavaria

Traceplots

0.0

0.1

0.2

0.3

0.4

0 250 500 750 1000
Iterations

al
ph

a_
m

as
ks

0.4

0.5

0.6

0 250 500 750 1000
Iterations

al
ph

a_
lo

ck
do

w
n

0.10

0.15

0.20

0.25

0.30

0 250 500 750 1000
Iterations

al
ph

a_
se

c_
lo

ck
do

w
n

0.00

0.25

0.50

0.75

0 250 500 750 1000
Iterations

al
ph

a_
sc

ho
ol

s

R. Rehms, N. Ellenbach, S. Hoffmann 29 / 33



Outlook

Outlook

R. Rehms, N. Ellenbach, S. Hoffmann 29 / 33



Outlook

Outlook

R. Rehms, N. Ellenbach, S. Hoffmann 30 / 33



Outlook

Outlook

Estimate effectiveness of interventions in different countries in a
hierarchical model and/or pre- and post lockdown

Model the reporting rate ρt,m as a function of Tt,m the number of
tests per capita and/or the percentage of positive tests
Model the reproduction number as a function of weather conditions by
integrating publicly available data
Integrate data on virus concentration in wastewater

R. Rehms, N. Ellenbach, S. Hoffmann 31 / 33



Outlook

Ct,m

Dt,m

It,m

Rt,m

𝛼k,m R0,m

Int,m,k

𝜎R

CRt,m

𝜌t,m𝝅h

𝛾𝜉C𝜉D

R0

Ht,m

𝜉H

𝜉R

I1,m, …, I6,m

𝜏m

𝜓d

𝜓i

𝜓d

𝜓c

𝝅h

𝜎𝛼𝛼k

R. Rehms, N. Ellenbach, S. Hoffmann 32 / 33



Outlook

Outlook

Estimate effectiveness of interventions in different countries in a
hierarchical model and/or pre- and post lockdown
Model the reporting rate ρt,m as a function of Tt,m the number of
tests per capita and/or the percentage of positive tests

Model the reproduction number as a function of weather conditions by
integrating publicly available data
Integrate data on virus concentration in wastewater

R. Rehms, N. Ellenbach, S. Hoffmann 32 / 33



Outlook

Ct,m

Dt,m

It,m

Rt,m

𝛼k,m R0,m

Int,m,k

𝜎R

CRt,m

𝜌t,m𝝅h

𝛾𝜉C𝜉D

R0

Ht,m

𝜉H

𝜉R

I1,m, …, I6,m

𝜏m

𝜓d

𝜓i

𝜓d

𝜓c

𝝅h

Tt,m

𝜎𝛼𝛼k

R. Rehms, N. Ellenbach, S. Hoffmann 32 / 33



Outlook

Outlook

Estimate effectiveness of interventions in different countries in a
hierarchical model and/or pre- and post lockdown
Model the reporting rate ρt,m as a function of Tt,m the number of
tests per capita and/or the percentage of positive tests
Model the reproduction number as a function of weather conditions by
integrating publicly available data

Integrate data on virus concentration in wastewater

R. Rehms, N. Ellenbach, S. Hoffmann 32 / 33



Outlook

Ct,m

Dt,m

It,m

Rt,m

𝛼k,m R0,m

Int,m,k

𝜎R

CRt,m

𝜌t,m𝝅h

𝛾𝜉C𝜉D

R0

Ht,m

𝜉H

𝜉R

I1,m, …, I6,m

𝜏m

𝜓d

𝜓i

𝜓d

𝜓c

𝝅h

Wt,m

Tt,m

𝜎𝛼𝛼k

R. Rehms, N. Ellenbach, S. Hoffmann 32 / 33



Outlook

Outlook

Estimate effectiveness of interventions in different countries in a
hierarchical model and/or pre- and post lockdown
Model the reporting rate ρt,m as a function of Tt,m the number of
tests per capita and/or the percentage of positive tests
Model the reproduction number as a function of weather conditions by
integrating publicly available data
Integrate data on virus concentration in wastewater

R. Rehms, N. Ellenbach, S. Hoffmann 32 / 33



Outlook

Ct,m

Dt,m

It,m

Rt,m

𝛼k,m R0,m

Int,m,k

𝜎R

CRt,m

𝜌t,m𝝅h

𝛾𝜉C𝜉D

R0

Ht,m

𝜉H

𝜉R

Vt,m 𝜃

I1,m, …, I6,m

𝜏m

𝜓d

𝜓i

𝜓d

𝜓c

𝝅h

Wt,m

Tt,m

𝜎𝛼𝛼k

R. Rehms, N. Ellenbach, S. Hoffmann 32 / 33



Outlook

Thank you for your attention

R. Rehms, N. Ellenbach, S. Hoffmann 33 / 33


	Sources of uncertainty in the modelling of COVID-19
	A Bayesian hierarchical approach to monitor disease propagation of COVID-19 in Bavaria
	Simulation study
	Results for Bavaria
	Outlook

