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Introduction

Population genetics

Population genetics is concerned with the causes and effects of genetic

variation.

• classical population genetics theory: allele and haplotype frequencies

describe the genotypes, estimate the allele frequencies, determine their

distributions within and between populations;

• modern population genetics theory: coalescent theory

predict and understand the evolution of gene frequencies in popula-

tions as a result of various factors.
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One of the main developments in population genetics modeling is the use

of coalescent methods.

The goal is to recover some elements of populations history. To analyse

the structure of genetic data, these methods use the gene trees.
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The formulation of a model is constrained by an evolutionary scenario

that mimics the historical and demographic reality.

Such a scenario summarizes the evolutionary history of populations by a

sequence of demographic events from an ancestral population.
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Our datasets are composed of genetic informations coming from several

locus, more and more locus...

There are several options to model the relationship between these different

loci: common genealogy, partially shared genealogies and recombination,

or independent genealogies.

In this talk, we assume that the loci are independent.
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We focus on a class of probabilistic models that includes inter-populational

events such as divergence, admixture and migration.

In this talk, we consider neutral models (Kimura (1968, 1983)):

no selection effect.

The observed polymorphisms are the result of genetic mutations on the

genealogy of individuals.
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With these models, we can answer questions of biological interest:

• estimate divergence times, quantify reductions or increases in effective

population sizes, infer migration rates...

parameter estimation problems

• determine from which ancestral sources comes a population, describe

the invasion routes...

model choice questions
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Human populations example

50,000 SNP markers genotyped in four Human populations: Yoruba

(Africa), Han (East Asia), British (Europe) and American individuals

of African Ancestry; 30 individuals per population.

The dataset: a vector of length 6, 000, 000.

We compared six scenarios of evolution which differ from each other by

one ancient and one recent historical events:

A) a single out-of-Africa colonization event giving an ancestral out-of-

Africa versus two independent out-of-Africa colonization events;

B) the possibility of a recent genetic admixture of Americans of African

origin with their African ancestors and individuals of European or

East Asia origins.
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Outline

Data

Sample genealogies

Mutation process

Inferential difficulties

Simulation techniques as inferential tools
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Data

The dataset consists of different samples.

Each sample corresponds to a population.

We consider D populations, Pop1, . . . , PopD, the sample size of popula-

tion Popi is denoted by ni.

We assimilate a diploid individual to two haploid individuals.
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For each individual, we consider a large number of locus on the

genome.

For these loci, the DNA sequence can vary for an individual to another

due to mutations: genetic polymorphism.

Different types of loci: microsatellite, SNP (Single Nucleotide Poly-

morphism) or a sequence of DNA.
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Sample genealogies

Coalescent theory (Kingman (1982), Tajima, Tavaré...)
13/06/2017 12:42

Page 1 sur 1https://upload.wikimedia.org/wikipedia/commons/4/4b/Tree_epochs.svg

The Kingman coalescent model describes the genealogy of a sample of

genes back to the Most Recent Common Ancestor (MRCA) of the sample.
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The genealogy of a sample is represented by a dendrogram.

Ancestral lineages are generated until the MRCA.

A coalescent event occurs when the lineages of two individuals merge at

a node of the dendrogram.

The genealogy of a sample of k individuals is composed of k − 1

coalescent events.
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Let Tk, . . . , T2 be the durations between successive coalescent events.

The genealogy probability distribution of k individuals is characterized

by the choice of the lineages at each coalescent event and the distribution

of durations between coalescent events Tk, . . . , T2.

Let Ne be the effective population size.

For the Kingman coalescent, the durations between coalescent

events Tk, . . . , T2 are independent and Tk is distributed according

to an exponential distribution with parameter k
(
k − 1

)
/(2Ne).
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Asymptotic approximation of the Wright-Fisher model
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while k ≥ 2 do

1) Generate a duration Tk from an exponential distribution with param-

eter
k
(
k−1

)
2Ne

2) Add Tk to the lengths of the k lineages

3) Choose at random (uniformly) two lineages and merge them to create

a node of the dendrogram

4) k ← k − 1

end while
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Five individuals from a closed population at equilibrium 13/06/2017 12:42

Page 1 sur 1https://upload.wikimedia.org/wikipedia/commons/4/4b/Tree_epochs.svg
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Several structured populations

We consider an evolutionary scenario described by inter-populational

events.

We combine these events with the Kingman coalescent which describes

the intra-populational genealogies.

Three inter-populational events:

• Divergence the fusion of two populations back in time.

• Admixture the split of a population in two parts.

• Migration move of lineages from one population to another over a

fixed period.
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At a divergence event, back in time, the lineages of the two populations

are merged to constitute a new population.

At an admixture event, back in time, the admixture sample Pop3 is split

at random in two parts: a lineage of Pop3 is associated to Pop1 with

probability r and to Pop2 with probability 1− r where r is the admixture

rate.

38 2. Modèles de génétique des populations
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FIGURE 2.2: Exemple de généalogie de cinq individus issus d’une seule population fermée à l’équilibre. Les
individus échantillonnés sont représentés par les feuilles du dendrogramme, les durées inter-coalescences
T2, . . . , T5 sont indépendantes, et Tk est de loi exponentielle de paramètre k

�
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�
/2.

Pop1 Pop2

Pop1
Divergence

(a)

t

t0

Pop1 Pop3 Pop2

Admixture

(b)

1 - rr

t

t0

m12

m21

Pop1 Pop2

Migration

(c)

t

t0

FIGURE 2.3: Représentations graphiques des trois types d’évènements inter-populationnels d’un scénario
démographique. Il existe deux familles d’évènements inter-populationnels. La première famille est simple,
elle correspond aux évènement inter-populationnels instantanés. C’est le cas d’une divergence ou d’une
admixture. (a) Deux populations qui évoluent pour se fusionner dans le cas d’une divergence. (b) Trois po-
pulations qui évoluent en parallèle pour une admixture. Pour cette situation, chacun des tubes représente
(on peut imaginer qu’il porte à l’intérieur) la généalogie de la population qui évolue indépendamment des
autres suivant un coalescent de Kingman.
La deuxième correspond à la présence d’une migration.(c) Cette situation est légèrement plus compliquée
que la précédente à cause des flux de gènes (plus d’indépendance). Ici, un seul processus évolutif gouverne
les deux populations réunies. La présence de migrations entre les populations Pop1 et Pop2 implique des
déplacements de lignées d’une population à l’autre et ainsi la concurrence entre les évènements de coales-
cence et de migration.

a coalescent process within each pipeline
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Mutation process

Position of mutations on the tree

The mutation rate per diploid individual is denoted by µ.

Conditional on the genealogy, the mutations are distributed according to

a Poisson point process with intensity µ/2.

On a branch of length t, the number of mutations N is dis-

tributed according to a Poisson distribution with parameter µt/2

and the N mutations are uniformly distributed on the branch.
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For microsatellite data, two mutation models: SMM (Stepwise Muta-

tion Model) and GSM (Generalized Stepwize Mutation Model), symmet-

ric random walks.

SNP loci have low mutation rates, we consider that polymorphism at such

loci results from a single mutation.

For SNP data, a single mutation event is put at random on one branch

of the genealogy, the branch being chosen with a probability proportional

to its length.

To generate the genotypes of a sample at a given locus, we just

have to modify the genotype of the MRCA along the genealogy.
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2.5 Conclusion 39
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FIGURE 2.4: Exemple de simulation des génotypes d’un échantillon de huit individus en un locus microsa-
tellite. Les mutations sont données par le modèle SMM. Les positions des mutations sont représentées par
les étoiles (?) sur les lignées du dendrogramme. Le génotype d’un individu (représenté par un nombre en-
tier en rouge sur le dendrogramme) est obtenu en appliquant les mutations à partir du génotype du MRCA
(100), ici, le long de la lignée de l’individu.
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Inferential difficulties

Each model is characterized by a set of parameters θ historical (divergence

times, admixture times, ...), demographic (effective population sizes, ad-

mixture rates, migration rates, ...) and genetic (mutation rate, ...).

The goal is to estimate these parameters from a polymorphism dataset x

observed at the present time.

Difficulty: we cannot calculate fθ(x).
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Let fθ(G) denote the probability density of the genealogy of genes dG.

Let fθ(M|G) denote the probability density of the mutation process M
given the genealogy G.

fθ(x) =
∏

i∈{locus}

∫

Mi→xi

fθ
(
Mi

∣∣Gi
)
fθ
(
Gi
)

dGi dMi,

where xi is the data at locus i and Mi → xi is the set of genotypes on

the dendrogram compatible with xi.
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That is a very high-dimensional integral with discrete (such as the geno-

type) and continuous (such as the length of branches) parts.

Despite the simplicity of the Kingman coalescent and the mu-

tation processes, we cannot expect any simplification in the cal-

culation of the likelihood.
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Simulation techniques as inferential tools

Two strategies

• avoid to approximate the likelihood, simulate from the model and

compare simulated datasets to the observed one

Approximate Bayesian Computation methods

• approximate the likelihood using advanced Monte Carlo methods

Importance Sampling methods
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