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Calibration Models

Calibration
First statistical model

The measurement error

∀t ∈ {1, . . . ,T} Yexpt = ζ(X t) + εt , (1)

where εt
iid∼ N (0, σ2

err ).

The first model

M1 : ∀t ∈ {1, . . . ,T} Yexpt = fc(x t ,θ) + εt . (2)
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Calibration Numerical code

Calibration
Second statistical model

In the case of a time consuming code

In Maximum Likelihood Estimation (MLE) or in a Bayesian
estimation (which recourse to many MCMC iteration)

⇓
intractable to work with a time consuming fc (Sacks et al., 1989)

The second model (Cox et al., 2001)

M2 : ∀t ∈ {1, . . . ,T} Yexpt = F (x t ,θ) + εt , (3)

where F (•, •) ∼ GP
(
mc(•, •), cc({•, •}, {•, •})

)
.
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Calibration Numerical code

Calibration
The Gaussian process

Mean

mc(•, •) = βc0 +
M∑
j=1

βcjhcj (•, •),

where βc = (βc1 , . . . , βcM ) is the coefficient vector to be estimated, and
hc(•, •) = (hc0(•, •), . . . , hcM (•, •)) is the design matrix of regression.

Covariance

cc({•, •}, {•, •}) = σ2
c rcψc

({•, •}, {•, •}),

where σ2
c stands for the variance, and

rcψc
for the correlation function with a vector parameter ψc which is the

scale and the regularity of the kernel.
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Calibration Numerical code

Calibration
The third model

The discrepancy

Some papers as Bayarri et al. (2007),Kennedy and O’Hagan
(2001),Higdon et al. (2004) advocate adding another error term:

δ(x t) = ζ(x t)− fc(x t ,θ
∗).

The third model

M3 : ∀t ∈ {1, . . . ,T} Yexpt = fc(x t ,θ) + δ(x t) + εt , (4)

where δ(x t) ∼ GP(mδ(•), cδ(•, •)) .

Identifiability problem

An infinity of (θ, δ) is possible.
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Calibration Numerical code

Calibration
The fourth model

The fourth model (Kennedy and O’Hagan, 2001)

M4 : ∀t ∈ {1, . . . ,T} Yexpt = F (x t ,θ) + δ(x t) + εt . (5)

Summary

the model ζ(X )

M1 fc(X ,θ)

M2 F (X ,θ)

M3 fc(X ,θ) + δ(X )

M4 F (X ,θ) + δ(X )
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Calibration Estimation methods

Calibration
Likelihoods

Notations

let us consider D a N sized DOE chosen in the space H×Q such that yc = fc(D),

notations for the surrogate:

Hc the design matrix,
Φc = {βc ,ψc , σ

2
c} the coefficient vector, the regularity of the kernel

and the variance,
rc the correlation function,

notations for the discrepancy:

Hδ the design matrix,
Φδ = {βδ,ψδ, σ

2
δ} the coefficient vector, the regularity of the kernel

and the variance,
rδ the correlation function,

Φ = {Φc ,Φδ},
y = (y exp, y c)T of size T + N.
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Calibration Estimation methods

Calibration
Full likelihood

Not time consuming code → the full likelihood

y exp,X |θ, σ2
err ∼ NT (m(X ,θ),V (X )).

LF (θ; yexp ,X ) =
1

(2π)T/2|V (X )|1/2
exp

{
−

1

2

(
yexp − m(X , θ)

)T
V (X )−1

(
yexp − m(X , θ)

)}
.

M1 M3

mexp(X ,θ) = fc (X ,θ)

V exp(X ) = σ2
err IT

mexp(X ,θ) = fc (X ,θ) + Hδ(X )βδ

V exp(X ) = σ2
err IT + Σδ(X )
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Calibration Estimation methods

Calibration
Full likelihood

Time consuming code → the full likelihood

y ,X |θ,Φ, σ2
err ∼ NT+N(m(X ,θ),V (X ,θ)).

M2 M4

m(X, θ) = H(X, θ)βc =

(
Hc (X, θ)

Hc (D)

)
βc

V (X, θ) =

(
Σexp,exp (X, θ) + σ2

err IT Σexp,c ((X, θ),D)

Σexp,c ((X, θ),D)T Σc,c (D)

)

m(X, θ) = H(X, θ)βc =

(
Hc (X, θ) Hδ (X )

Hc (D) 0

)(
βc
βδ

)
V (X, θ) =

(
Σexp,exp (X, θ) + σ2

err IT + Σδ (X ) Σexp,c ((X, θ),D)

Σexp,c ((X, θ),D)T Σc,c (D)

)
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M2 M4

m(X, θ) = H(X, θ)βc =

(
Hc (X, θ)

Hc (D)

)
βc

V (X, θ) =

(
Σexp,exp (X, θ) + σ2

err IT Σexp,c ((X, θ),D)

Σexp,c ((X, θ),D)T Σc,c (D)

)

m(X, θ) = H(X, θ)βc =

(
Hc (X, θ) Hδ (X )

Hc (D) 0

)(
βc
βδ

)
V (X, θ) =

(
Σexp,exp (X, θ) + σ2

err IT + Σδ (X ) Σexp,c ((X, θ),D)

Σexp,c ((X, θ),D)T Σc,c (D)

)
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Calibration Estimation methods

Calibration
Partial likelihood

Time consuming code → the partial likelihood

y c |Φc ∼ NN(mc ,V c).

M2 M4

mc = Hc (D)βc

V c = Σc,c (D)
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Calibration Estimation methods

Calibration
Conditional likelihood

Time consuming code → the conditional distribution [y exp|y c ](
y exp

y c

)
∼ N

((
mexp(X ,θ)

mc

)
,

(
Σexp,exp(X ,θ) Σexp,c ((X ,θ),D)

Σexp,c ((X ,θ),D)T Σc,c (D)

))

Then,
y exp |y c ∼ N (µexp|c ((X ,θ),D),Σexp|c ((X ,θ),D)),

with:

µexp|c ((X ,θ),D) = mexp(X ,θ) + Σexp,c ((X ,θ),D)Σc,c (D)−1(y c −mc (D)),

Σexp|c ((X ,θ),D) = Σexp,exp(X ,θ)−Σexp,c ((X ,θ),D)Σc,c (D)−1Σexp,c ((X ,θ),D)T .

Conditional likelihood

y exp|y c ,X ,D,θ,Φ, σ
2
err ∼ NT (µexp|c((X ,θ),D),Σexp|c((X ,θ),D))).
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Calibration Estimation methods

Calibration

Different kind of estimations

Maximum likelihood estimator (SMLE) (Cox et al., 2001; Wong
et al., 2017),

Bayesian framework (Bayarri et al., 2007; Kennedy and O’Hagan,
2001; Higdon et al., 2004).
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Calibration Estimation methods

Bayesian calibration
Estimation

main methods

joint estimation (Higdon et al., 2004): all the parameters in Φ and
σ2
err are jointly estimated by maximizing the full likelihood
LF (θ,Φδ; y ,X ) (after integration over β with a weak prior),

modularization (Liu et al., 2009) : Stepwise method

(Φ̂c) = argmax
Φc

LP(Φc |y c) (Maximum likelihood estimates),

(Φ̂c) are plugged into LC (θ,Φδ; Φc , y exp|y c ,X ),

LC (θ,Φδ; Φ̂c , y exp|y c ,X ) is used to sample the posterior density with
MCMC methods.
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Application case Python code

Application case
Recorded data
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Application case Python code

Application case
Presentation of the code

X ∈ H ⊂ R6

θ ∈ Q ⊂ R3

fc (X i ,θ) y ∈ R
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Application case Python code

Application case
Presentation of the code

X ∈ H ⊂ R6

θ ∈ Q ⊂ R3

PV code
Python

y ∈ R
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Application case Python code

Application case
Presentation of the code

6 input variables
t the UTC time since the beggining
of the year

L the lattitude

l the longitude

Ig the global irradiation of the sun

Id the diffuse irratiation of the sun

Te the ambiant temperature

θ ∈ Q ⊂ R3

PV code
Python

y ∈ R
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Application case Python code

Application case
Presentation of the code

6 input variables
t the UTC time since the beggining
of the year

L the lattitude

l the longitude

Ig the global irradiation of the sun

Id the diffuse irratiation of the sun

Te the ambiant temperature

3 parameters to calibrate
η module photo-conversion
efficiency

µt module temperature coefficient
(the efficiency decreases when the
temperature rises)

ar describe the transmission of the
radiation as a function of the
incidence angle of solar rays, which
depends on optical properties and
the cleanliness

Python
PV code

y ∈ R

Mathieu Carmassi (EDF-AgroParisTech) AppliBugs 13th December, 2018 23 / 33



Application case Python code

Application case
Presentation of the code

6 input variables
t the UTC time since the beggining
of the year

L the lattitude

l the longitude

Ig the global irradiation of the sun

Id the diffuse irratiation of the sun

Te the ambiant temperature

3 parameters to calibrate
η module photo-conversion
efficiency

µt module temperature coefficient
(the efficiency decreases when the
temperature rises)

ar describe the transmission of the
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incidence angle of solar rays, which
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Application case Python code

Application case
Python code

Modeling choices

mδ = 0,

rδ as Gaussian,

D is a LHS maximin of 50 points,

hc(•, •) composed of linear functions,

rc as Matérn 5/2,

Prior densities :

η ∼ N (0.143, 2.5.10−3),
µt ∼ N (−0.4, 1.10−2),
ar ∼ N (0.17, 3.6.10−3),
σ2
err ∼ Γ(2, 169),
σ2
δ ∼ Γ(3, 1),
ψδ ∼ U(0, 1).
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Application case Python code

Bayesian calibration
Application case Results 1/3
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(M1 toM2: Emulation of the code)
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Application case Python code

Bayesian calibration
Application case Results 2/3

(M1 toM3: Add of the discrepancy)
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(M3 toM4: Emulation of the code)
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Application case Python code

Bayesian calibration
Application case Results 3/3
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Application case Python code

Bayesian calibration
Sequential design

Sequential design

Aim: add selected points in the original design to improve calibration,

some improvements can be performed on the GPE such as the
Efficient Global Optimization algorithm (EGO (Jones et al., 1998)),

Damblin et al. (2018) have used the principle of EGO to select points
regarding further calibration.

Improvement of the GPE

Choice: add 10 points in original design according to Damblin et al.
(2018).
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Application case Python code

Bayesian calibration
Results with sequential design

(M2 before sequential design)
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Application case Python code

Bayesian calibration
Results with sequential design

(M4 before sequential design)
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(M4 after sequential design)
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Conclusion

Conclusion

Conclusion

Bayesian calibration better assessed the uncertainty on the parameters
regarding experimental data,

in the case of performance monitoring, Bayesian calibration works
well,

the article Carmassi et al. (2018), submitted available at
arXiv:1801.01810, presents a review of main calibration methods,

the package CaliCo (Carmassi, 2018) available on CRAN and at
arXiv:1808.01932,

a shiny application is built to help EDF employees apply Bayesian
calibration on their different industrial cases.
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Conclusion

Perspectives

Perspective

Be placed in a case where the design of the project has to be done,

use a real time consuming code on real sized PV plant,

extend calibration on time series code outputs,

use Bayesian Model Selection / Averaging to elect a better model,
regarding the data (Damblin, 2015; Kamary, 2016).
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Kennedy, M. C. and O’Hagan, A. (2001). Bayesian calibration of computer models. Journal of the Royal Statistical Society:
Series B (Statistical Methodology), 63(3):425–464.

Liu, F., Bayarri, M., Berger, J., et al. (2009). Modularization in bayesian analysis, with emphasis on analysis of computer
models. Bayesian Analysis, 4(1):119–150.

Sacks, J., Welch, W. J., Mitchell, T. J., and Wynn, H. P. (1989). Design and analysis of computer experiments. Statistical
science, pages 409–423.

Wong, R. K., Storlie, C. B., and Lee, T. (2017). A frequentist approach to computer model calibration. Journal of the Royal
Statistical Society: Series B (Statistical Methodology), 79(2):635–648.

Mathieu Carmassi (EDF-AgroParisTech) AppliBugs 13th December, 2018 33 / 33


	Introduction
	Contents
	Calibration
	Models

	Contents
	Calibration
	Numerical code

	Contents
	Calibration
	Estimation methods

	Contents
	Application case
	Python code

	Conclusion
	Appendices

